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Abst rac t - -The  theory of mieropolar fluid due to Eringen is used to formulate a set of boundary 
layer equations for the heat transfer along a non-isothermal porous stretching sheet. The equations 
are analyzed by suitable variables transformation and the similarity solutions are obtained by the 
implicit finite difference method. Numerical results are plotted and tabulated for the variation of the 
Nmmelt number for a wide range of dimensionless material parametera. 
NOMENCLATURE 
A, mass tranal'er p~rameter; 
C, stretc]~q~ velocity factor; 
C'p, specific heat of the fluid at constant pressure; 
.f, nondime~onal  stream function; 
9, nondime~sional rnicrorotation rate in the z -y  plane; 
h, heat transfer coefficient; 
j ,  microinertia; 
K~, thermal conductivity; 
K~, microrotationM difftmlvlty; 
m, couple stress; 
N, temperature difference material constant; 
N1, microrot~tional difi~nsivity parameter; 
N2, microrotational coupling parameter; 
N3, microinertia parameter; 
Nu, Nusselt number; 
Pr, Prandtl number; 
qw, local heat flux; 
s, microelement concentration coefficient; 
T, fluid temperature; 
u, velocity component in x direction; 
v, velocity component in y direction; 
vw, injection or suction veloctiy in y direction; 
x, horizontal distance along the surface; 
I/, vertical distance from the surface; 
¢, microrotation rate component in the x-y plane; 
O, dimensionless temperature; 
~ ,  dynamic viscosity of the fluid; 
"Yv, microrotational coupling coefficient; 
p, fluid density; 
~, stream function; 
77, similarity variable. 
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Subscripts 
x, based on distance x; 
w, at the surface; 
co, in the undisturbed fluid. 
1. INTRODUCTION 
The work on analystic solutions of a micropolar fluid is of relatively recent origin. The theory 
of micropolar fluids was first introduced and formulated by Eringen [1,2]. This theory takes into 
account he effects of local rotary inertia and couple stresses arising from particle micromotion. 
The theory is expected to provide a mathematical model for the non-Newtonian fluid behaviour 
observed in certain fluids such as polymers, colloidal fluids, liquid crystals, animal blood, ferro 
liquid, real fluids with suspections, etc., which is more realistic and important from a technological 
point of view. This theory is also capable of explaining the experimentally observed phenomenon 
of friction-reduction ear a rigid body in fluids containing small amounts of additives when 
compared with the skin friction in the same fluids without additives. 
Several classes of different solutions of micropolar fluids have been obtained by various investi- 
gators [3] and [4]. The boundary layer flow of micropolar fluid has been studied by Peddieson and 
McNitt [5] through a finite difference scheme. A study of the micropolar boundary layer flow near 
a stagnation point is given by Willson [6] with the aid of the Karman-Polhausen approximate 
integral method. Ahmadi [7] has studied the boundary layer flow of a micropolar fluid over a 
semi-infinite plate. He obtained a self-similar solution with a constant microinertia. Nath [8,9] 
has obtained similar and non-similar solutions of boundary layer equations of micropolar fluids. 
Gorla [10] has studied the similar solution of micropolar boundary layer flow at a stagnation 
point on a moving wall. 
For the study of heat transfer, Eringen [11] introduced the theory of thermomicropolar fluids 
which takes into account he heat conduction and dissipation effects in micropolar fluids. Con- 
vective heat transfer through a vertical channel has been studied by Balaram and Sastry [12]. 
Sastry and Maiti [13] have studied the combined convective heat transfer in a micropolar fluid 
flowing in an annulus of two vertical pipes. Recently, Jena and Mathur [14] have studied the free 
convection in the laminar boundary layer flow of a thermomicropolar fluid past a vertical flat 
plate with suction and injection. Heat transfer in the stagnation point of a micropolar fluid has 
been studied by Gorla [15], Ramachandran and Mathur [16]. It has been found that the rate of 
heat transfer is reduced in comparison to a Newtonian fluid. 
The no-relative spin boundary condition is assumed in most research studies. Ahmadi [7] has 
used the condition that the antisymmetric part of the stress vanishes at the wall for the solution 
of micropolar boundary layer flow past a semi-infinite flat plate. Ramachandran and Mathur [16], 
Jena and Mathur [14] have considered both conditions, i.e., no relative spin and no antisymmetric 
part of the stress on the boundary for the solutions of heat transfer in the stagnation point flow 
and natural convection of a thermomicropolar fluid past a vertical porous plate respectively. 
Recently, Heruska and Watson have investigated the similarity solution of micropolar fluid 
flow past a porous stretching sheet [17]. In the present work, the heat transfer of the steady 
thermomicropolar fluid flow past a porous non-isothermal stretching sheet has been studied using 
similar methods. The numerical solution of the problem is obtained using the box method 
proposed by Cebeci and Bradshaw [23] in conjunction with Newton's iteration method. Skin- 
friction and temperature profiles have been obtained for various values of the boundary condition 
parameters and the results obtained are compared with the corresponding results for a Newtonian 
fluid. 
2. ANALYS IS  
Consider a porous stretching sheet which is coinciding with the plane y = 0 and is situated 
in an incompressible thermomicropolar fluid as shown in Fig. I. Keeping the origin fixed, the 
sheet is stretched by introducing two equal and opposite forces along the x-axis. The equations 
governing the steady two-dimensional laminar flow of a thermomicropolar fluid in this coordinate 
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system are: 
Ou Or o-~+~ =0, 
au _ . ~2u a~ 
• O~ 0o" a%' (~u p~(u~ + ~) = ~,, ~..y~ - K , (~ + 2,), 
P%(~ + ~1 = ^ °~-u ~ + ~° k~ N oy a , /  
(2.1) 
(2.2) 
(2.3) 
(2.4) 
v W 
! ! !  I l l  = 
Figure 1. Physical model. 
In the above equations, u and v are the velocity components along z and y directions respec- 
tively, a is the microrotation rate component in the z-y plane, T is the fluid temperature. 
In the solid surface the boundary conditions are given below: 
Velocity field 
.(x, 0) = c~ ,,(~, 0) = ,~(~) (2.5) 
where C is a constant accounting for the stretching velocity, vw(z) is an injection or suction 
velocity with vw(m) > 0 for injection and v,~(z) < 0 for suction• 
Microrotation field 
Following Ramachandran and Mathur [17], we assume 
1 8u.  ~(x, 0) = ~(~ + ~)y  = o (2.0) 
where i is a parameter relating the microrotation to the antisymmetric part of the stress with 
0 _< i _< c~. Condition (2.6) respectively reduces to no relative spin and no antisymmetric part 
of the stress on the boundary when ~ -- 0 and ~ = c~. 
Temperature field 
T(z,O) - T~(z) 
where Tw(z) is the variable temperature on the wall. 
At the edge of the outer boundary layer, we have 
(2•7) 
u(z, oo) ~ O, ~(z, oo) ---* O, T(z, oo) ...* To, (2.8) 
CAHT4A 21,8-D 
40 C-K. CHEN, T-H. Hsu 
A search for a similar solution of this problem shows that the similarity solutions for the govern- 
ing equations (2.1)-(2.4) and boundary conditions (2.5)-(2.8) exist, only under the condition that 
the suction or injection velocity v,o is constant. Using the appropriate similarity transformation 
¢ = x/C(l~t, + Kt , )x f ( r}) ,  (2.9) 
PC 3 
a = K .zg(r/), 
T = Too + (T~ - Too)e(r/), 
To-Too =gx 
i . pC  
equations (2.1)-(2.4) reduce to the following form 
1'"' + f Y" - (Y') 2 + N lg '  = O, 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
N I I  - -  f t t  2g - 2g - Na( f 'g  - fg ' )  = O, (2.15) 
0"  - P r [ f 'O  - fO '  - o (g 'O  - gO')] = 0 (2.16) 
where the primes denote differentiation with respect o r/only. The various dimensionless pa- 
rameters entering into the equations (2.14)-(2.16) are 
K~ 
N z - - -  
/J, +K, '  
p%C N2= 
K,(/~, + K , ) '  
N3 = p jC  a -  oe¢C 
K,, ' ~ C v ' 
Pr = (Ij'~ + K~)Cp 
K¢ 
where Nz, N2, N3, and a are micropolar fluid parameters characterizing the microrotational diffu- 
sivity Kv, microrotational coupling coefficient %, microinertia j and micropolar heat conduction 
ac respectively. P, is the Prandtl number. 
The transformed boundary conditions of (2.5)-(2.8) are given by 
-- _s f .  
f=A,  f '=1 ,  g= 2" '  O=1 at r /=0 (2.17) 
f ' - -*0,  g~0,  O--*0 as~--*c¢ (2.18) 
where A = -vwu/(~,+~,)c  is a mass transfer parameter with A > 0 for suction and A < 0 for 
injection. Where s = [ / ( [  - 1) and 0 _< s < 1, the value of s = 0 corresponds to the no relative 
spin condition and s = 1 corresponds to the no antisymmetric part of the stress on the wall. It 
is noted that large values of s is equivalent to low concentration and small values of s is to high 
concentration of microelements. 
The local wall shear stress can be written as 
i PC 3 
T~ = '(IZ, + K , )C  ~ + K,(1 - )]xf"(O) 
The local wall couple stress is defined as 
__7~ x "0"  m,o =pC2 . , ,  g ~ ) 
IZ~ - t . r , ,  
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The local heat flux may be written by Fourier's law as 
qw(z) = - K¢~OTloy [v=o = -K¢(T , . -  Too) ~/ - -~K zO'(O ) 
The local heat transfer coefficient is given by 
qw(z) 
h(x) = T~ - Too 
The local Nusselt number then becomes 
h.x  
K~ 
- -Kc  PC~xo ' (O)  
liv + Kv 
~/1~ ~"K~ 'z~O'(O)" 
3. METHOD OF SOLUTION 
Solution of the differential equations (2.14)-(2.16) with boundary conditions (2.17)-(2.18) could 
be carried out by using a finite difference method due to Cebeci and Bradshaw [23]. According 
to that method, equations (2.14)-(2.16) are first rewritten into the form of a first-order system 
by introducing new unknown functions of y-derivatives. These functions and derivatives in the 
first order system are then approximated by centered ifference quotients and averaged at the 
midpoint of net segments in the T/coordinate to yield finite-difference equations with the order of 
(At/) 2. The resulting difference quations, together with the corresponding boundary conditions, 
are finally solved by Newton's method. 
4. RESULTS AND DISCUSSION 
In this study, the authors focus on the study of the effect of thermomicropolar fluid on ther- 
mal boundary layer and heat transfer characteristics, since the variation of velocity profiles and 
microrotation velocity due to various governed parameters has been solved by Heruska et a/. [8] 
in great detail with a globally convergent boundary method. Numerical results were obtained 
over a wide range of mass transfer parameter A, Prandtl number Pr, and material parameters 
NI, N:~, N3, and a. 
Eringen [4] has discussed in detail the inequalities to be satisfied by the various material 
parameters involved in the theory of thermomicropolar fluids. These inequalities which arise 
from the thermodynamics restriction are 
/~v > 0, Kv=>0, 2/~v + K, _-> 0, f t .+7,  =>0 
Kc >= O, (ac - fiT) 2 <= 2KcT-'(7~ -/~.),  j => 0 
where fly is the gradient viscosity and fl is the micropolar heat conduction coefficient. 
By the above inequalities the dimensionless coupling parameter N1 is always less than one and 
takes on values in the range 0 < N1 < 1. While NI = 0 corresponds to the case of uncoupled 
equations, and N1 - 1 corresponds to the limiting case of infinite Kv. The values of N~ and N3 
are always nonnegative. In this study, we take the range 1 =< N2 =< 10 and 0 =< N3 < 0.05. For 
comparison, the mass transfer parameter A is chosen in the range -5  __< A < 5. 
Figure 2 shows the variation of the local shear stress rw as a function of mass transfer parameter 
A for both low microelement concentration (s = 1) and high microelement concentration (s = 0). 
It is evident hat an increase in A or s gives rise to large values of local wall shear stress rw. The 
nature of Newtonian fluid is also included in this figure. 
In Fig. 3, the microrotation profiles howing the effect of variation of s and A have been plotted. 
For high concentration (s = 0), the microrotation i creases from the wall to a maximum value 
and then decreases asymptotically to vanish. For a given A, it can be seen that the microrotation 
near the sheet surface increases with a decrease in concentration of microelements. The nature 
of the microrotation profiles for various values of "s" is the same as obtained in [17]. It is also 
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Figure 2. Effect of var iat ion of s and A on the local shear stress for N1 = 0.01, 
N2 = 1.5, N3 = 0.01, and P,. = 0.7". 
found that the microrotation profiles near the wall increases with suction and decreases with 
injection for all values of s. This is in qualitative agreement with the results obtained in [10]. 
The temperature profiles showing the effect of mass transfer parameter A and Prandtl number 
P, are shown in Fig. 4 and 5. It can be seen that the temperature decreases with suction and 
increases with injection and is in agreement with the results obtained in [10]. For a given value 
of A, the effect of increasing the values of P, is to make the thermal boundary layer thinner. Fig. 
6 shows the variation of local heat transfer coefficient with various values of s and A. Keeping 
the Prandtl number fixed, the local heat transfer ate increases with suction and decreases with 
injection for all values of s. It can be observed that the local heat transfer ate increases with 
the increase of concentration on a suction wall but decreases with the increase of concentration 
on an injection wall. There is an intersection point at about A = 1.06 when P, = 0.7. These 
specific values of A are different for various values of Prandtl numbers (A = -0.6 when P, = 5.0) 
and that shows the ballant point of local heat transfer ate in relation with the values of A and 
s. The behaviour of Nusselt number is in agreement with the results obtained in [10], [12], and 
[21] both for Newtonian and micropolar fluids. 
To illustrate how the material parameters affect the local heat transfer ate in the boundary 
layer, representative numerical results of temperature gradient on the wall are shown in Table 1. 
It is evident from Table 1 that an increase in any value of N1, N2, and N3 yields an increasing 
Nusselt number when the other parameters and Prandtl number are fixed. 
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Figure 3. Effect of var iat ion of s and A on the microrotat ion profiles for Nz = 0.01, 
N2 = 1.5, N3 = 0.01, c~ -- 1.0, and Pr = 0.7, ( I )  s = 1.0, (2) s = 0.5, (3) s = 0.0. 
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Figure 5. Effect of variation of Prandt l  number  Pr on the temperature  profiles for 
N1 = 0.01, N2 = 1.5, N3 --- 0.01, ~ = 1.0, and A = 0.0. 
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Figure 6. Effect of variat ion of A and ,  on local he,,t transfer coefficient h(x ) /Kc  X/C/(p~ + K~)= 
for N1 --- 0.01, N2 -- 1.5, N3 = 0.01, cr = 1.0, and Pr = 0.7. 
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Table 1. Effect of variation of A, N1, N2, and N3 on 
-O'(O) for N4 =- 1.0, P~ = 0.7, and a = 0. 
A 
N2 -5 -2 0 2 5 
Nx = 0.0 N3 = 0.0 N4 = 0.0 
0 0.18956 0.38609 0.79557 1.74053 3.65834 
N1 = 0.01 N3 = 0.01 
1.0 0.17353 0.34030 0.70058 1.62730 3.56968 
2.5 0.17894 0.35544 0.73427 1.67725 3.61151 
4.5 0.18168 0.36347 0.75136 1.69864 3.63225 
6.0 0.18282 0.36685 0.75834 1.70658 3.63814 
10.1 0.18453 0.37196 0.76857 1.71735 3.64556 
NI = 0.1 N3 = 0.01 
1.0 0.17375 0.34042 0.70071 1.62590 3.56937 
2.5 0.17916 0.35558 0.73542 1.67656 3.61538 
4.5 0.18190 0.36360 0.75308 1.69824 3.63227 
6.0 0.18285 0.36697 0.76032 1.70629 3.63807 
10.1 0.18455 0.37206 0.77099 1.71724 3.64551 
N1 = 0.1 N.a = 0.03 
1.0 0.17412 0.34092 0.70099 1.62619 3.56968 
2.5 0.17933 0.35591 0.73553 1.67665 3.61545 
4.5 0.18200 0.36387 0.75313 1.69828 3.63229 
6.0 0.18292 0.36722 0.76036 1.70632 3.63809 
10.1 0.18460 0.37228 0.77101 1.71725 3.64552 
Nl = 0.1 N3 = 0.05 
1.0 0.17444 0.34128 0.69910 1.62650 3.57002 
2.5 0.17950 0.35607 0.73325 1.67672 3.61552 
4.5 0.18209 0.36369 0.75061 1.69828 3.63232 
6.0 0.18299 0.36729 0.75770 1.70628 3.63810 
10.1 0.18464 0.37232 0.76811 1.71715 3.64552 
5. CONCLUSION 
In th i s  s tudy ,  the  effect of  sur face  mass  t rans fer  and  concent ra t ion  of mic roe lements  on heat  
t rans fer  of  mic ropo lar  f luid boundary  layer a long  a s t re tch ing  sheet  of  non isothermal  temperature  
are  ana lyzed  by an  imp l i c i t  f in ite d i f ference scheme.  F rom the  numer ica l  resu l t s  we can  f ind 
that  the  local  heat  t rans fer  ra te  increases  w i th  an increase  in an) '  o f  the  d imens ion less  mater ia l  
parameters  N1, N2, and  N3. The  b lowing  and  suct ion  parameters  A also affect the  heat  t rans fer  
ra te  s ign i f icant ly .  
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